In the first paper' under this title I mentioned certain topics which may be treated from a constructive standpoint in commutative algebra, and discussed some of these topics in detail. In the present paper some of the topics mentioned but not discussed in detail in the first paper will be considered further.
1. To lead up naturally to extension of the ring concept, we first define a ring as a system of elements which form an Abelian group under addition, a semi-group under multiplication and the usual right-and left-hand distributive laws hold. This form of definition immediately suggests the generalization obtained by replacing the words "Abelian group" by "semigroup" in the above. If this is done we shall call the resulting system a semi-ring or associative algebra. The finite arithmetic in which the cancellation law of addition does not hold, which was referred to in §1 of our first paper, is, in general, a semi-ring but not a ring. Other examples may be found in number theory.
A ring in which division is uniquely possible except when the divisor is a zero divisor will be termed a quasi-field. It is easily shown that any finite ring is a quasi-field, and the ring of square matrices of order n with elements in a field has this property. It seems to me that it is precisely the quasifield which characterizes nearly all; the systems which have so far been studied under the name algebra, whereas the term number-theory is generally applied to the'study of rings and semi-rings containing only what we are pleased to call integral elements. It is through the study of rings in general and perhaps also semi-rings that we may expect a unification of the two subjects.
As to the extent of the theory which may be developed-by constructive methods a large part of the theory of algebraic numbers may be included such as the theories of the additive basis for integers, the units and the discriminant. However, so far the determination of the class-number of an algebraic field has not yet been effected without the use of analysis.
The Galois theory may be developed in a constructive way much as usual. We may, however, avoid the use of the concept of polynomials with indeterminates as roots by determining particular polynomials of degree n with rational coefficients whose group is the symmetric group2 in connection with the proof that there exist equations of degree > 4 which are not solvable algebraically.
2. As to the-e,tension of field theory to rings we proceed a bit differently from KrullP and it is found convenient, in order to obtain natural analogies with theories concerning fields, to make use of a certain modification of the concept of equality. Two elements of a ring R are said to be absolutely distinct if their difference is not a zero-divisor, but if the difference is a zero-divisor, the elements are said to be semi-equal. For example, in a ring, the solutions of ax = b are semi-equal, if any exist.
As to finite rings, the discussion of this topic is much simplified by the use of a certain representation of the elements of a finite Abelian group G of order pn, p prime and generalizations of this notion. In any such group it may be shown that there exist elements AI, A2, ..., A. It has an obvious connection with Hensel's theory of p-adic numbers. If we employ group operators we may replace xck in the above by elements of any finite field and may apply the result to the theory of finite rings. There is an extension of this to infinite rings, in fact these ideas appear to afford the basis for a theory of linear dependence in rings.
The theory of the divisors of the discriminant of an algebraic field may be discussed by employing the theory of finite rings.
The ring methods employed enable us to extend to certain other types of finite rings the theorem of Wedderburn which states that a finite ring, in which all the elements aside from the zero element form a group under multiplication, is commutative.
3. As to the ordering of algebraic numbers we first consider a polynomial f(x) with coefficients in the rational field F and irreducible in F and of degree n. Suppose we have, in the decomposition field of f(x) -f(x) = (x -xQ(x -Ci2) . .. (X-a!,,).
Assume also that there are elements a and b of F such that f(a)f(b) <0 then we call (a,b), a < b, a root interval of f(x). In order to build up, based VOL. 21, 1935 on this notion, the idea of real field, it is necessary to isolate a root interval (ai,bl), called a simple interval in (a,b) such that we cannot have root intervals (a2,b2) and (a3,b3) with a2 2 a,, bs . b, and f(b2)f(a3) < 0. This may be done in a finite number of steps using the following result obtained by Kronecker4 using only constructive methods:
If there exist two root intervals of f(x) say (al,b1) and (a2,b2) with a2< bi such that f(b2)f(al) > 0 and such that if k is any rational number included in either interval then f'(k) > c where c is some positive rational number and f'(x) does not change sign in either interval, then (bi,a2) is a root interval of f'(x).
To apply this to our problem we find intervals in (a,b) so small that the condition If'(k) > c is satisfied and we then make the determination of a simple root interval of f(x) depend on finding simple root intervals of f'(x) and apply induction.
After a simple root interval has been so determined, we may then associate one of the roots of f(x) 0 with the simple root interval (a,b) and call it a. Then a is said to be real and to generate a real algebraicfield. Consider p(a) and so(b). If they differ in sign we may find a sub-interval of (a,b) say (al,bl) which is a root interval of f(x) but so that V(al) ((b1) An extension of this method enables us to order a real algebraic field formed by the adjunction of the real numbers a,, a2, ..., ak say F' so that we obtain in F' f(x) = (X -il)(x-a2) ***(X -ak)fl (X) and where the coefficients off1(x) are in F' and where f1(x) has no root intervals in F'. By the use of part of Gauss' argument in connection with his second proof of the "fundamental theorem of algebra," we are able to adjoin a finite number of real fields to F' and to obtain a real field F' in which f1(x) decomposes into factors of degree = 2, which result takes the place in our constructive theory that the fundamental theorem just mentioned takes in the usual theory. ' Mathematische Annalen, bd. 88, p. 80 and bd. 91 1. R. Weitzenbock' has indicated how to associate with a projective connection2 II,k an affine connection T,k which is at the same time a projective invariant, i.e., the components T1k are functions of the IIj, and their derivatives. The method used depends on the existence of a relative projective scalar invariant. For the general space with a projective connection such scalars exist. The affine connection Tfk is of course not uniquely determined for a given space but depends on the choice of the scalar.
In this note the method used by Weitzenbock is applied to the conformal connection Kk, and connection onnection Ji is obtained which is a conformal invariant, i.e., it is a function of the Gij3 and their derivatives, where the Gij are components of the fundamental conformal tensor of a metric space V,. This affine connection will be called the conformal-affine connection.
A complete set of invaxiants for the determination of the conformal equivalence of metric spaces is also obtained, these invariants involving the curvature tensor, based on the Jr, and its successive covariant derivatives.
2. The components K,k of the conformal connection transform by4 under an arbitrary co6rdinate transformation xi = xi(il)
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